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SUMMARY
This paper presents a method to calculate the probability of
longitudinal overlap during an ITP maneuver. It is assumed
that longitudinal overlap at co-altitude will lead to a mid-air
collision.

1 Introduction

The In-Trail Procedure (ITP) uses GNSS/GPS/ADS-B data to apply distance based
longitudinal separation. The ITP Operational Description was presented at the 10th SASP —
WG/WHL meeting and is summarized in SASP-WG/WHL/10-WP/21. At this meeting, a
preliminary safety and collision study [1] was presernted to the Mathematicians Sub Group
(MSQ). It was agreed by the MSG that the safety and collision study was going to be
redone using a method and format that more closely follows previous safety studies
performed by members of the MSG. The collision risk assessment and collision risk model
was presented at the 11" SASP-WG/WHL and several recommendation were made.

This Working Paper is the collision risk safety assessment of the In-Trail Procedure and
follows the recommendations given at the 10" and 11™ SASP meeting and subsequent
recommendations. It calculates the probability of aircraft longitudinal overlap based on
given values of accuracy for GNSS/ADS-B, altitude error, latency error, initiation critera
parameters for the ITP, and a wind model. A parametric analysis was performed in [1] to
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determined the sensitivity of collision risk to accuracy, integrity and initiation criteria.
Although the In-Trail Procedure is defined for aircraft along the same track, as defined in
Doc. 4444 - PAN ATM [2], this working paper calculates the probability of longitudinal
overlap when the angle between the aircraft tracks is zero. That is, identical same tracks.

The probability is calculated for a pair of aircraft along the zero angle identical same
tracks, in the same direction and with one aircraft climbing or descending and the other
aircraft not maneuvering. Both aircraft have GNSS/GPS equipment on board.

The aircraft climbing or descending will be the aircraft cleared to perform the ITP
maneuver and will be called the ITP aircraft. The aircraft not maneuvering will be called
the Reference aircraft. The Reference aircrafthas ADS-B equipment which transmits its
identification, position, velocity, altitude, and other information. The ITP aircraft has ADS-
B equipment that transmits and receives ADS-B information. Thus, the ITP aircraft has the
state of the Reference aircraft and its own state information. It is based on this information
that the ITP request is made. The I'TP aircraft request for an ITP procedure includesthe
distance between the two aircraft. A detailed description of the procedure can be found in
reference [5]. Figure 1.1 shows an illustration of a side and top view of an ITP maneuver
example.

Figure 1.1. Side and Top View of ITP Maneuver Example.
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The ITP establishes that an aircraft performing an ITP maneuver must be a minimum
distance of 15 nautical miles in front of or behind a Reference aircraftbefore requesting
and initiating an I'TP climb or descent. This distance in conjunction with other
requirements, is the initiation criteria standard for ITP. The reported distance X,

X =15 NM , is the distance between the ITP aircraft and the Reference aircraft as
measured by the ITP aircraft. The reported distance X is based on the ITP GNSS data and
the Reference aircraft GNSS data as reported by an ADS-B link.

The probability of longitudinal overlap given an initial distance “X” is calculated for the
following errors and affecting sources:
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- Position error
- Velocity error
- Altitude error
- Latency error
- Winds

The altitude error component does not directly affect the probability of longitudinal
overlap. It has an indirect effect in a climb/descent by increasing or decreasing the time
which takes the maneuvering aircraft (ITP aircraft) to reach the Reference aircraft's
altitude.

2 Modeling the Error Terms

2.1 Position error

The true longitudinal ground location alongthe track ofthe ITP and Reference aircraft, at

the time of the ITP initiation, are represented by X, and X, respectively. It is assumed

that the measured longitudinal ground location X is the true longitudinal ground location
X1p plus a zero mean random error 1, p with a fixed standard deviation 0, 1p .

Xitp = XirptNpire (2.1

It is also assumed that the measured longitudinal location X of the Reference aircraft is

the true longitudinal location Xge plus a zero mean random error 1, re With a fix standard
deviation 0 g .

Xeg = Xpgt TNpret (2.2)

The true longitudinal ground distance between the ITP and reference aircraft is given by:

Xpg —Ximp = 5(Faef_)A(lTP_npRef""7p|TP (2.3)

Where Xpg—Xp = X, the initial ITP distance as measured by the ITP aircraft, and
X=15 NM, the minimum distance initiation criterion.

2.2 Velocity error

In addition to the distance criterion, an aircraft requesting and performing an I'TP maneuver
must comply with other criteria. The criteria regarding velocity are as follow:

«  The ITP aircraft must not have greater than 20 knots closing ground speed on the
Reference aircratft.
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«  The ITP aircraft must not have greater than 0.04 Mach closing air speed on the
Reference aircraft.

These two criteria are related by the wind speed at their flight levels. Reference [1] shows
two dimensional and three dimensional plots which represent the interrelation of the wind,
ground speed criterion and Mach criterion.

Two errors are considered for the along track speed of the aircraft.

1. Ground speed error from the GNSS for the ITP aircraft and the GNSS as reported
by ADS-B for the Reference aircraft. This measurement is used for the initiation
criteria.

2. Static air speed error. The difference between the commanded Mach number and
the true Mach number of the aircraft.

The ground speed error and the static air speed (Mach) error are not statistically
independent. Appendix A shows examples of how the error of one measurement can be
affected by the other as a function of wind.

Let the true ground speeds of the ITP and Reference aircraft be represented by vg,;» and
Vg ks » respectively. The measured ITP and Reference aircraft ground speed are the true
ground speed plus an error term,

VEip = VEuptN Ve ITP (2.4
vthef = ngef+ r]ngef (25)

The ground speed initiation critenon for ITP limits the closure ground speed to 20 knots at
the initiation of the maneuver. The initial conditions are denoted with the superscriptic,

VEip—Vgry < 20 knots (2.6)
VZ iy — Vg < 20 knots 2.7)

Equation 2.6 applies when the ITP aircraft is the trailing aircraft and Equation 2.7 applies
when the ITP aircraft is the leading aircraft. Without loss of generality, in the following
derivations, we consider the case when the ITP aircraft is the trailing aircraft. The case
when the ITP aircraft is the leading aircraft will follow a similar derivation.

Replacing equations 2.4 and 2.5 into 2.6 gives,
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Vg Z"P —Vvg l;ef < 20—n ve 17P T Mg Ref knots (2.8)

Therefore, the true relative ground speed of the aircraft at the initiation is bounded by 20
knots plus the GNSS/ADS-B error.

The true Mach numbers for the ITP and Reference aircraft are represented by vm ., and

Vi, , respectively. The measured ITP and Reference aircraft Mach numbers are the true
Mach numbers plus the error:

Vil = VMgt N, e (2.9
V;’n Ref = vm Ref+ n vm Ref (2 10)

The Mach initiation criterion for ITP limits the Mach difference to a closure of 0.04,

A

Vinp—ing,, < 0.04 Mach (2.11)

Vil g, = Vi, < 0.04 Mach (2.12)

Equation 2.11 is the criterion when the ITP aircraft is the trailing aircraft and Equation 2.12
when the ITP aircraft is the leading aircraft. As with the ground speed, we consider the ITP
aircraft trailing case. Replacing equations 2.9 and 2.10 in to 2.11 gives,

VI p = Villg,, = 0.04—n,, 1P T Mo Rer (2.13)

2.3 Altitude error

Altitude error affects the longitudinal distance between the aircraft by increasing or
decreasing the time that the ITP aircraft requiresto climb or descend through the Reference
aircraft flight level The altitude errors of the ITP and Reference aircraftare represented by

Naire and Ny, p.r TE€SpPeEctively.

To simplify the analysis, a conservative approach is taken to always add an additional
climb or descent time #, in the calculation of distance between the aircraft. The additional
time to climb is the altitude error divided by the minimum climb/descent rate,
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;= Nawiret Narer (2.14)
¢ 300 feet | min

2.4 Latency error

Latency erroris assumed to affect the position reporting of the aircraft. For the ITP
procedure, the Reference aircraft transmits its state data to the ITP aircraft. If the Reference
aircraft data is older than the ITP data, an error in the relative distance could result. There
are two cases for the ITP maneuver; when the ITP aircraft is in trail and when the ITP
aircraft is the leading aircraft. If the ITP is the trailing aircraft, then the latency error will
actually increase the actual distance over the measured distance, as shown in Figure 2.1. If
the ITP aircraft is the leading aircraft, the latency error will reduce the actual distance over
the measure distance as shown in Figure 2.2.

Figure 2.1. Error latency for ITP in Trail.
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Figure 2.2. Error latency for ITP aircraft in the lead.
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The worst case is assumed where the latency error always reduces the distance between the
aircraft. For this risk analysis, the latency erroris considered to be constant. The latency

error 1M,,,,, 1s multiplied by the speed of the aircraft to obtain the reduction in distance.

The speed of the aircraft is assumed to be Mach 0.85 times the speed of sound at 35
thousand feet and International Standard Atmosphere (ISA), 576.6 knots,

0.85(576.6) NM (2.15)

X latency = r’lalency
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3 Wind

Four models of wind are considered for the collision risk analysis:

A linearly increasing wind gradient from the ITP aircraft flight level to the
Reference aircraftflight level.

A linearly decreasing wind gradient from the ITP aircraft flight level to the
Reference aircraft flight level.

A constant wind gradient.
An increasing and then decreasing wind gradient from the ITP aircraft flight level
to the Reference aircraftflight level.

3.1 First Wind Model

The fist wind model is a linearly positive wind gradient as shown in Figure 3.1 The length
of the arrows represent the magnitude of the wind at the given level.

Figure 3.1. Increasing Gradient Model of Wind.
Mg Ref. FL

A - TP FL

Using this model of wind, the ITP initiation criteriabound the closure rate of the ITP
aircraft on the Reference aircraft. The wind, Mach speed and ground speed are related by,

W+576.6vm = g 3.1

where W is wind, 576.6 is the speed of sound at 35 thousand feet and International
Standard Atmosphere (ISA), vm is the Mach speed, and vg the ground speed. The ground
speeds of the ITP and Reference aircraft are then given by

VO,p = 976.6VMpt+W 3.2

VO, = 976.6VMy +Wy (3.3)

where W is the wind speed at any level between the ITP and Reference aircraft flight levels
and Wy, is the wind speed at the Reference aircraftflight level. The ITP Mach criterion

bounds the Mach closure to 0.04 as shown in Equation 2.13. Substituting equations 3.2 and
3.3 into Equation 2.13 we have,
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VEirp— VR = 576.6(0.04— nvmlTP+r’vaef)+( W— WRef) (3.4)

Because the wind model for the first case assumes increasing winds from the ITP aircraft
flight level to the Reference aircraftflight level,

Wiy = W (3.5)

Therefore, the closure rate through the climb is always equal or less than the Mach
difference criterion plus the Mach error,

VE&irp— VEres = 576.6(0.04—n,, ,;p+ r’vaef) (3.6)

3.2 Second Wind Model

The second model of wind considers a linearly negative wind gradient from the ITP aircraft
flight level to the Reference aircraftflight level as shown in Figure 3.2.

Figure 3.2. Decreasing Gradient Model of Wind.
Mg Ref. FL

) W = TP FL

Similar to the increasing gradient model, the closure rate is bounded by the ITP criteria.
The initial ground speed of the ITP and Reference aircraft are given by,

Vg = 576.6vm'ip+ W gp (3.7)
vg}fef = 576.6 vmi,gef+ W rer (3.8)

The ground speed of the ITP and Reference aircraft through the maneuver are given by
equations 3.2 and 3.3. The ITP procedure requires that the Mach speed of both aircraft
remains constant during the maneuver. Hence,



SASP-WG/WHL/12-WP/18

ic

VM p = VIl p (3.9
Vigy = Vilgy (3.10)
Because the wind magnitude is decreasing through the maneuver,

Wz W (.11
From equations 3.2, 3.7, 3.9, and 3.11 we can see that,

Vg < Vi (3.12)
From equations 3.3, 3.8, and 3.10,

VErs = Vi (3.13)

That is, the ground speed of the ITP aircraft through the maneuver is less than or equal to
its initial ground speed. The ground speed of the Reference aircraftremains constant. The
ITP criteria bounds the ground speed closure rate to 20 knots as shown in Equation 2.8.
Therefore, the closure rate everywhere through the maneuver is less than or equal to 20
knots plus the ground speed error,

VEirp— VEres = 20— Nygr7p T Mg rey KNOLS (3.14)

3.3 Third Wind Model
The third model is a zero gradient as shown in Figure 3.3.

Figure 3.3. Constant Gradient Wind Model.
Ref. FL
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For this model of wind,
Wip = Wiy = W (3.15)
From equations 3.2, 3.7, 3.9, and 3.15,

VEirr = VglfTP (3.16)
Combining equations 2.8, 3.13, and 3.16,
V€irp~ VErey = 2010 rrpT g rer (3.17)

Therefore, the closure rate through the maneuver is less than or equal to 20 knots plus the
ground speed error. A similar argument could be made for the Mach speed difference for
the constant wind gradient. The closure rate is bounded by the Mach criterion,

Vg p—VEry < 576.6(0.04—n,, + nw) (3.18)

3.4 Fourth Wind Model

The fourth model of wind considers a positive and then negative wind gradient from the
ITP to the Reference aircraft flight levels. This is shown in Figure 3.4. This wind model is
the worst case scenario.

Figure 3.4. Increasing and Decreasing Gradient Model of Wind.
Ay Ref. FL

§ SN = ITP FL

This wind model can be analyzed by decomposing the wind gradient into two components:
1. a linear positive, negative or zero gradient; 2. a positive and then negative gradient
starting and ending with zero magnitude. This decomposition is shown in Figure 3.5.

10
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Figure 3.5. Decomposition of Increasing and Decreasing Model of Wind.
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For the first component of the wind gradient shown in Figure 3.5, we established that the
closure rate is determined by the ground speed and Mach criteria. To this closure rate, we
add the second component. The average closure rate produced by the second component is

w
TC , where W is the magnitude ofthe wind at the middle level. Note that this is not the

maximum magnitude of the wind. The maximum magnitude is the sum of the first and
second components. W represents the rate of change of wind speed over vertical

distance. The variable W . is modeled as a random variable and it is based on wind
observations on the North Atlantic and other weather data [4].

For the first component of wind, the worst closure rate when the ITP aircraft is at its own
level is,

VEirp— VEres ~— 20_’7vg1TP+’7ngef (3.19)
The worst closure rate when the ITP and Reference are at the same altitude is,

VEitp— VEres — 576~6(0~04_’7vmw+rlvm ) (3.20)

Ref

The worst average closure rate is the average of the worst closurerates,

576-6( 0.04— Nymire + nvaef) +20- nvngP+ Mg rer

VEirp— VEry ) (3.21)
The second component of wind is added to Equation 3.21,

576.6(0.04— + +20— + w
vngP_ VgRef — ( nvmlTP nvrzn Re_‘f) r’vngP r’ngef + 2C (322)

11
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Equation 3.22 represents the worst case scenario of the aircraft closure rates considering
ground speed and Mach initiation criteria, ground speed errors, Mach errors, and an positve
and then negative wind gradient.

4 Distance Error and Wind Model

The distance between the aircraft as a function of time is calculated using the error models
and the forth wind model of Section 3. The distance between the aircraft is given by the
difference between their initial position plus their velocity multiplied by time.

xRef(t)_xlTP(t) = Xpy T Vreft_(xlTP+ Vipt) 4.1)

taking into account position errors, velocity errors, latency error, and wind we combine
equations 2.3, 2.15, 3.22,and 4.1,

xRef(t)_xlTP(t) = JACRg/'_)ACITP_npRgf'+np1TP -

576'6(0'04_nvaTP+nvaef)+2O_an1TP+n
2

Migsency 0-85(576.6) 4.2)

+W.

vg Ref

t_

An ITP maneuver can be performed when the ITP and Reference aircraft are at 1000, 2000,
and 3000 feet apart vertically. The minimum climb rate to perform an ITP procedure is 300
feet/minute. The nominal time required to climb from the ITP to the Reference aircraft
level is,

T = 0.055556 hours for 1000 feet 4.3)
T = 0.11111 hours for 2000 feet 4.4)
T = 0.16667 hours for 3000 feet 4.5)

The total time to climb/descent to the same flight level is the nominal time plus the time
when considering the altitude error.

The true longitudinal distance follows from equation 4.2 and is represented by the random
variable ¥,

Y = X et =X p N prer T Nprrp —

12
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5 (T+t,) —
nlalency0'85(576'6) (46)
with mean value,
E{Y}| = )%Ref—fcm,—21.53(T+ta)—n,mncy490.l1 4.7)
and variance,
576.6° (02, ot O por ) F O o srp+ O o o+ 07
V) = oiRef+apm,+{ - szz off why W‘}(T+ta)2
(4.8)

where O-p Ref » Up]TP > Ovmire O-vaQfa Uvg]TP ’ O-ngefa and O-WL- are the standard
deviations of the position, Mach, and ground speed errorsand wind speed W .

5 Types of Error Distributions

5.1 Introduction

The errors considered in the collision risk analysis can be modeled depending on the
characteristics of the error. Two distributions are used to model the position and velocity
errors and the wind speed: A double exponential distribution also known as the First
Laplace; A Normal distribution also known as Gaussian.

Table 5.1. Types of probability distributions used in calculations.

Type of error or wind

Type of probability distribution

Description Symbol and Units | 1* choice 2" choice
Position errors Noire Mpre NM Double exponential | Normal
Ground speed errors Nugite Mugre KnOtS Double exponential | Normal
Mach error Momize Momrer Mach Double exponential |Normal
Altitude error Naote Narre fect Constant Constant
Latency error Niatency S€CONAS Constant Constant
Wind W, knots Double exponential | Normal

5.2 Values used for distributions

The values used for the distributions for position and ground speed errors are based on the

13
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95-quantile accuracy numbers. The standard deviation for the Normal distribution is the
95-quantile divided by 1.96. The standard deviation for the Double exponential distribution
is the 95-quantile divided by 2.118.

The position error is based on the required accuracy for the ITP initiation criterion. For
both the ITP and Reference aircraft, the position error 95 percentile is 0.3 NM. The ground
speed error is also determined by the required initiation criterion and has a 95 percentile
error of 6.75 meters per second (13.12 knots). The Mach error was provided by avionics
equipment manufacturers. The wind non-linearity standard deviation is based on reference
[4]. The altitude error is based on RVSM minimum certification standards. A summary of
the RVSM Airworthiness Approval — Altimeter System Error is shown in Table 5.2

Table 5.2. Airworthiness Approval — Altimeter System Error for RVSM
Requirements: Group Airplanes

Type Certificate issued Normal Operating Full Operating Capabilities

before 1% January 1997 Conditions (Full Flight Envelope)
(Basic Flight Envelope)

Mean Error 80 feet 120 feet

Mean Error and Three 200 feet 245 feet

Standard Deviations

Type Certificate issued after | Normal Operating Full Operating Capabilities

1* January 1997 Conditions (Full Flight Envelope)
(Basic Flight Envelope)

Mean Error 80 feet 80 feet

Mean Error and Three 200 feet 200 feet

Standard Deviations

Requirements: Non-Group Airplanes
Normal Operating Full Operating Capabilities
Conditions (Full Flight Envelope)
(Basic Flight Envelope)

Absolute Error 160 feet 200 feet

For type certificates before January 1997, the maximum standard deviation is 81.66 feet
when the mean error is zero and 41.66 feet when the mean error is 120 feet. For type
certificates on or after January 1997, the maximum standard deviation is 66.66 feet when
the mean is zero and 40 feet when the mean is 80 feet. For non-group aircraft, the absolute
maximum error is 200 feet. We take 400 feet as the constant error for altitude error,

Nawrrp T Narrey = 400 feet

(5.1)

The latency error is assumed to always contribute to the reduction in distance between the
aircraft. The latency error is taken to be constant to simplify the collision analysis and it is
based on the Minimum Aviation System Performance Standards, MASPS for ADS-B [6,7].

14
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The MASPS specify:

“For NUCp less than 8, ADS-B latency ofthe reported mformation shall be less than 1.2
seconds with 95 percent confidence.”

(NUC — Navigation Uncertainty Category)

When an aircraft transmits NAC and NIC, the requirements is for a latency of 1.2 seconds
at 95 percent when NAC is less than10 and NIC is less than 9.

(NAC — Navigation Accuracy Category)
(NIC —Navigation Integrity Category)

A NUCp of 5 or greater has been defined as a requirement for the ITP application. When
an aircraft is transmitting NAC and NIC, the requirement is for NAC and NIC of 6 or
greater. Hence, the latency shall be 1.2 seconds with a 95 percent confidence.

For the results shown in this report, the latency erroris assumed to be a constant 4.575
seconds. The constant latency represents a 1.0x 10~ bound on the latency error assuming
an exponential distribution with 1.2 seconds (or less) latency 95 percent of the time.

Niateney = 4375 seconds = 0.0012708333 hours (5.2)

Table 5.3 shows the standard deviation and scale parameter values for the position, ground
speed, and Mach errors and wind for both distributions.

Table 5.3. Standard deviations and scale parameter of error distributions.

Error Type o o A
or wind Normal Double Exponential | Double Exponential
Position 0.153061 NM 0.141643 NM 0.100157 NM
Ground speed 3.44348 meters/sec. |3.18660 meters/sec. |2.25325 meters/sec.
6.69359 knots 6.19426 knots 4.38000 knots
Mach error 0.0010 Mach 0.0009254 Mach 0.0006544 Mach
Wind 1.5445 knots 1.4293 knots 1.0106 knots

The value for position error correspond to an ADS-B transmission witha NUCp =5, or

NACp = 6, NIC =6, and SIL = 2. The value for ground speed error was selected such that
it is the minimum requirement that meets a collision risk of less than 1E-09 for the double
exponential distribution and a 3000 feet vertical distance between the aircraft (a 4000 feet
climb.) The values on the table for ground speed error correspond to an error of 13.11944
knots at 95 percent confidence.

6 Probability of Longitudinal Overlap

Previous SASP safety analyses of overlap probability and collision risk for similar distance

15
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based separation procedures have not used wind as a contributing factor in the calculations.
In the analysis reported in this paper, we consider the surveillance error and add a wind
model to the longitudinal overlap probability.

6.1 Probability Density Function, 1* Choice of Distributions, Double Exponential

The probability density function of the random variable ¥ , as defined by equation 4.6, is
calculated using the double exponential distributions. The ground speed errors, Mach
errors, and wind are normalized to nautical miles,

(T+t,)
€ = M NM (6.1)
(T+t,)
€y = 1, 576.6——= NM (6.2)
(T+1,)
&y = We—a""NM (6.3)

We can rewrite equation 4.6, using the normalized random variables, into the sum of a
constant plus 7 random variables,

YI :C+np]TP+npR¢f+gngTP+£ngegf+EvmlTP+$va£;f+gW (64)
where,

N N 576.6(0.04)+20
C = xRef—xm,—( <2 ) )(T—I—ta)—nlamncyO.SS(576.6) (6.5)

In the following paragraphs, the subscripts “/7P” and “Ref” are replace by “1”” and “2”,
respectively, to make the equations more compact.

The probability density function of the sum of the position error 1 ,; and normalized ground
speed error €,4; random variables for the ITP aircraft is given by

—[x/A —| X/ A
1A, 8oy e
forig(X) = | F—F5— (6.6)
P 2 )\pl_/\vgl

where Ay # A,;.

A similar density function is given for the Reference aircraftposition and ground speed
errors,

16
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1
Fronge(X) = 5 (6.7)

—[X/A —(X|/ A
A e ‘Xl pz_Avgze ‘X‘ vg2]

p2
2 2
A pZ_Avgz

where Ay, # Ay,

The probability density function of the sum of the position and ground speed error random
variables for both aircraft is the convolution of their probability density functions,
equations 6.6 and 6.7,

o0

fpl+vg1+p2+vg2(x) = j‘ fp1+vgl(x_s)fp2+v92(s)ds (68)

—[x—sl/A, —[x =38/,
A€ ~ A€
2
vgl

1
f (x) = f_
pl+vgl+ p2+vg2 2
ey Aj—A

(6.9)

Because we assume that the position and velocity errors have the same distribution for the
ITP and Reference aircraft, welet

p pl
Mg = A1 = Ay (6.11)

in equation 6.9. This results in a probability density function for both aircraft position and
velocity errors given by,

2 453 3452
1 2 3 4Av A —|x|/A 2 3 4Av A —[x|/ A
f o (X)) = ———=|| X+ ——"L|e "+l [x+A] +—L|e ™"
p+vg 2 212 p p 2 2 vg vg 2 2
4(Ap_ 2\vg) )\p_ vg Ap_ vg
(6.12)
The probability density function of the Mach errors is give by,
f (x) = L “x|e_|xlm”’”+2\ PR
vml+vm2 - 4 A2 vm (613)

vm

where,

17
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(6.14)

The probability density function of the Mach errors and wind is the convolution of equation
6.13 with the wind double exponential distribution and is given by,

1 x|/ x|/A —|x|/A
Funorlx) = e (P e Ge A e (6.15)
vm W_ vm
where,
F = 20 A (6.16)
A=A, '

242 A°2

G = —|A,+5—— (6.17)
AW_Avm

The probability density function of all 7 random variables is the convolution of equation
6.12 with equation 6.15,

1| [20xla,As 4aRa0 A2, 000 ),
f7<x>:BF 2 2p_ 2 2172 2 2P e
A=Ay (A=A AL-Ay,
+i 2|x|Avm P 4Avap AzAvm)\p e—\x\/)\p
D L Ap Avm (A _Avm) )\p_Avm
[ 4
1 —2[x[A, AS=2x[A], A 4Avap+12AmAp 2000, A+20A,, AN
2 2 \2 2 2\2
D _ (A5—4;,) ()\p—/\vm) (AL~ A)
[ 4 3,5 2
e 2[x[A AL, 4 +A2AWAVg Y
D A2 — 2 (A2 2 )2 A2 —A2
vg w vg w vg w
+i G 2|x|Avm vg 4Avm2\vg Az)\vavg e—|x|//\vg
2 2 \2
D L Avg_P\vm (Avg_)\vm) Avg_?\vm
4
+i 2|x|Avm vg_2| |Avm vg 4Avavg+12Avavg 2Angva+2Angva 7|x|/?\vg
D- (Avg_Avm) ()\ _)\ ) ()\vm_)\vg)

18
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+i 2A12/m2\f7+2\3mA;_A2A3m)\ Bz?\vavg 2|x|Avm p 2|X|Avm p e—|x‘/7\w,,
D (AZ_A2 )2 AZ—AZ AZ _AZ (?\2—?\2 )2
L P vm P vim vg vim P vm
L1 —(445, 041220, 40) 2[x[A], AL +2[x[A0, AL, (405, AL+ 1200 )| .
D_ (Ap_)\vm) ()\vg_Avm) (A _Avm)
+ i 2|x|Ap va 4ApAva _2|x|Angva 4)\ngva 7‘x|//\w”
2 2 2 2\2 2 2 2 2 \2
D I Avm_Ap (Avm_)\p) )\vm_Avg ()\vm_Avg)
[ 2 46 4 44 2 46 4 44 2 2
L [P F2N A 2NN 20N, AZNA, B2AGA | L, 6.18)
DI (=) Y e VA T v
where F"and G are defined by equations 6.16 and 6.17, respectively, and
D = 16(A,,A;—A)) (A2—A%) (6.19)
4021
4= A ) (6.20)
40 A°
B = Aig+ > Vg/\zp (6.21)
A~ A

The first term of equation 6.4 is a constant term representing the measured distance and the
reduction in distance due to ground speed, Mach differences and latency error. The
constant term of the random variable is added to the probability density function by
substituting the term x—C everywhere the term x appears in Equation 6.18.

6.1.1 Probability of Longitudinal Overlap at Co-altitude; Double Exponential

The probability of longitudinal overlap is the probability that the ITP aircraft, represented
by a point in space, is within the longitudinal space of the Reference aircraft, represented
by 2 times the length of the aircraft, at the time that both aircraft are at the same flight
level. This is represented by

x(t) € [-A,A,] (6.22)
where A, is the length of the aircraft. The value of A, is taken as the longest commercial
aircraft length (Airbus 380) of 0.0392818 NM (72.75 m, 238.67 feet).

The In-Trail Procedure is a climb or descent maneuver and the I'TP aircraft might have a
closing speed on the Reference aircraft. Therefore, the longitudinal overlap interval is
increased by the relative ground speed times the time it takes the two aircraft to pass
vertically. This is illustrated in Figure 6.1.
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Figure 6.1. Horizontal Distance Gained by ITP Aircraft during Vertical Overlap.

) S

Ay

Additional horizontal
mction during vertical
overlap

The time t, that takes the ITP aircraft to vertically pass the Reference aircraftis given by
2 times the hight of the aircraft A, divided by the vertical speed. The hight of the aircraft is
the hight of the largest commercial aircraft (Airbus 380), 24.08 m (79 feet).

27, 2X79 feet
t, =

vs 300 ft/min

= 0.00877778 hours (6.23)

The additional horizontal distance A, is the time 1, times the maximum horizontal
relative speed, 0.04 Mach (23.064 knots at 35K feet and ISA).

A, = 23.064x0.00877778 = 0.202451 NM (6.24)

X

The probability of longitudinal overlap during vertical overlap is then given by the
integration of the probability density function of the longitudinal distance, Equation 6.18,
over the interval [—A,, A, +A,] .

A +AL

Pl-A<x(t)<A+4,] = [ f,(x)dx (6.25)

,Ax

The probability of longitudinal overlap for 1000, 2000, and 3000 feet vertical distance is
given in Table 6.1.
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Table 6.1. Probability of Longitudinal Overlap, Double Exponential Distributions.

Altitude Difference, feet P.l—A<x(t)<A +A,]
1000 7.82863x10°"
2000 1.62178x10°"
3000 9.67251x10"°

6.2 Probability Density Function, 2" Choice of Distributions, Normal

The probability density function of the random variable ¥ , as defined by equations 4.6
and 6.4, is calculated using the Normal (Gaussian) distributions. The sum of random
variables with Normal distributions result in a random variable with a Normal distribution.
From equation 4.8, the variance of the random variable ¥ is the sum of the individual
variances and the standard deviation isthe positive square root of the variance.

For the Normal distributions, the probability density function is given by,

1 —(x—C)*/207
f X) = —e
p+vg+vm+W+C< ) \/2

(6.17)

where o is obtained from Equation 4.8 and C is defined by Equation 6.5. The values used
for o and C are shown in Table 6.2.

Table 6.2. Standard Deviation and Mean for Normal Distribution.

Altitude Difference, feet Standard Deviation, o Mean, C
1000 0.432420NM 12.702441 NM
2000 0.677253 NM 11.506218 NM
3000 0.934531 NM 10.309996 NM

6.2.1 Probability of Longitudinal Overlap at Co-altitude; Normal

The probability of longitudinal overlap during vertical overlap is given by the integration
of the probability density function of the longitudinal distance, Equation 6.17, over the

interval [—A,, A +A,] .

Pl-A<x(t)<A+A,] =

A+A,
f f p+vg+vm+W+C(X)dX

(6.18)

Because the distribution is normal, in most cases the integral of Equation 6.18 can be

evaluated using the error function. However, due to the extremely small numbers which are
computed when evaluating an integral which is more than 10 standard deviations from the
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mean, the error function, as implemented in the Java programing language, computes to a
value of zero.

An approximation is used to evaluate the integral of Equation 6.18. The probability density
function, Equation 6.17, is evaluated at the upper and lower limits of the integral. The
values of the probability density function at the limits are added and divided by 2 to obtain
the average. The average is multiplied by the difference of the limits to obtain an
approximation of the area under the curve as shown in Figure 6.2.

Figure 6.2. Integral Calculation by Approximation of Area under the Curve.

Exact value is area under the curve -—\‘ — —

Area approximation

The probability of longitudinal overlap for 1000, 2000, and 3000 feet vertical distance is
given in Table 6.3.

Table 6.3. Probability of Longitudinal Overlap, Normal (Gaussian) Distributions.

Altitude Difference, feet P.l[-A,<x(t)<A,+A,]
1000 6.30217x 107"
2000 7.01226x 107
3000 6.98290x 10™%
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Appendix A

The objective of this appendix is to illustrate, through examples, the interrelation between
the ground speed error, the Mach error and the wind.

The examples below refer to the variables depicted in Figure A.1. The variable are as
follow:

W rp wind along the track at the flight level of the ITP aircraft

W i wind along the track at the flight level of the Reference aircraft
vm ,, true Mach air speed of the ITP aircraft

vmp,, true Mach air speed of the Reference aircraft

Vg true ground speed along the track of the ITP aircraft

V&g true ground speed along the track of the Reference aircraft

Figure A.1. Side view of geometry for In-Trail Procedure.
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Example 1:
W = 100 knots; W, = 104 knots; vm,, = 0.84 Mach; vm,, = 0.80 Mach;

These conditions result in the following (at FL350 with International Standard
Atmosphere):

vgp = S584.3 knots; vgg, = 565.3 knots; A ground speed = 19.0 knots; A Mach =
0.04

Hence, the ground speed and Mach criteria are met.
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Example 2:

Same conditions as Example 1, but with a large Mach error on the I'TP aircraft. The ITP
has a commanded Mach of 0.84 but its true Mach s 0.87.

These conditions results in the following:

vgp = 601.6 knots; vgg, = 565.3 knots; A ground speed = 36.3 knots; A Mach =
0.04 (measured)

In this example, the ground speed difference exceeds the criterion. The ITP procedure
should not be requested or executed. Although the error is in the Mach measurement, the
error is bounded by the ground speed measurement.

Example 3:
Wp = 100 knots; W, = 121 knots; vm,;, = 0.87 Mach; vm,, = 0.80 Mach;

The ITP aircraft has a large Mach speed error and has an indicated (measured) Mach
number of 0.84.

These conditions result in the following:
vgp = 601.6 kts; vg,, = 582.3 kts; A ground speed = 19.3 knots; A Mach=0.04

The ITP criteria for ground and Mach speeds are met due to the error. The closure rate on
the aircraftis 19.3 knots at the beginning of the maneuver and increases to 40.4 knots at co-
altitude. Assuming a 3000 feet vertical distance, 300 feet/minute climb/descent rate, a
linear wind gradient, and a 15 NM initial distance, the error in this example will reduce the
distance between the aircraft to 10.02 NM at co-altitude.

Remarks

A large error in Mach speed will result in conditions that will likely affect the ground speed
criterion, unless the wind conditions are such that hide the error. Conversely, a large
ground speed error will likely be bounded by the Mach criterion.

Also, the difference in Mach speed of commercial aircraft is limited to approximately 0.12
Mach. This is based on flight plans data filed for the North Atlantic on the 7" March 2005,
reference [A1]. This data shows that the majority of aircraft have a Mach difference of 0.06
or less.

Hence, the error distribution ofthe Mach speed is affected both by the ground speed
criterion and by the physical characteristics of the aircraft which will be performing the ITP
procedure. The ground speed error distribution and probability density function are in turmn
affected by the Mach criterion.
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